Abstract. The joint replenishment and delivery problem with fuzzy chance constraint resource restriction is considered. In the proposed approach, the objective function is to minimize the ordering cost, the inventory holding cost, the transportation cost and the customer waiting cost. Mathematical model is developed, and differential evolution (DE) algorithm is proposed to solve the problem. The performance of the algorithm is then verified and test under the indirect group strategy for 1600 randomly generated problems. The results show the robust performance of the proposed algorithms.
Introduction
In recent years, many companies have realized that significant cost saving can be achieved by integrating inventory control and delivery policies throughout their supply chains, that is, the joint replenishment and delivery scheduling (JRD) policy. It is assumed in the JRD that for each item i, its demand rate D i is fixed, and each unit incurs a holding cost h i per unit time. A replenishment is made at regular time intervals (every T units of time) and each item has a replenishment quantity sufficient to last for exactly an integer multiple k i , i=1,2,…,n of T. The decision variables are T and k i and the objective is to find a proper combination (T, k i ) so that total cost is as low as possible.
Moon et al. [1] developed joint replenishment and consolidated freight delivery policies for a third party warehouse with deterministic demand rates in a supply chain. Cha et al. [2] dealt with the JRD model of the one-warehouse n-retailer system and suggested a flexible policy for a warehouse. Wang et al. [3] studied a joint replenishment and delivery scheduling in which a central warehouse serves n-retailers in the presence of vague operational conditions such as ordering cost and inventory holding cost, and the fuzzy membership function is approximated using piecewise linear functions based on alpha level sets.
The limitation common in all JRD models mentioned above is that capacities are assumed to be unlimited. In fact, there are many resource restrictions in real supply chain systems. Van Eijs [4] has derived a heuristic algorithm for the inventory control policy with one resource restriction. Uncertainties in JRD modeling have been studied by stochastic approach and fuzzy methods. As a kind of stochastic programming, chance constrained programming provides a means of allowing the decision maker to consider objectives in terms of the probability of their attainment. The term chance is represented by the probability that the constraints are satisfied [5, 6] .
Jana and Sharma present a procedure for solving chance constrained programming problem, and a stochastic simulation-based genetic algorithm is developed to handle the randomness [7] . The differential evolution (DE) algorithm is one of the latest evolutionary optimization methods proposed by Storn and Kenneth [8] for complex continuous non-linear functions. DE has been successfully applied to resolve optimization problems, which exhibits remarkable performance in optimizing [9] .
The rest of this paper is organized as follows. Section 2 introduces the mathematical model of fuzzy chance constraint JRD. Section 3 develops the DE algorithm and presents the procedure to solve the problem. Section 4 is an example for the DE algorithm. Section 5 summarizes the conclusions of the present work.
Mathematical model of the problem
The joint replenishment and delivery problem with fuzzy chance constraint resource restriction (which is abbreviated as FCR-JRD for the rest of the paper) is the multi-item inventory problem of coordinating the replenishment and delivery of a group of items that may be jointly ordered from a single supplier under resource restrictions.
The total relevant cost per unit time is given by: (FCR-JRD)
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The following notations are defined: index of item, = 1, 2, …, n i i demand rate of item i Eq. 1 is the total cost to be minimized, that is the sum of the ordering cost (major and minor), the inventory holding cost, the outbound transportation cost, and the customer waiting cost. The resource constraint is the limit on capital that can be invested, as given by Eq. 3, is a fuzzy parameter with confidence level α. Eq. 4 indicate that k i 's and f i 's are positive integer number and T is positive real number.
The resource restriction ξ is a triangle fuzzy number, whose membership function is Eq. 5.
. 
The optimality condition of k i is:
Similarly, the optimality condition of f i is :
Differential evolution algorithm
In order to solve FCR-JRD, in this section, we present a differential evolution (DE) algorithm approach.
Representation and initialization.
In the FCR-JRD model, the basic cycle T and n integer k i 's and f i 's have to be decided for solving the problem. In the DE, k i 's and f i 's are searched through the operations of DE and the basic cycle T is determined through the optimality condition of T. For the given k i 's and f i 's , the optimal T * can be easily obtained from the Eq.6. So, in our study, we use 2n random number representation for n k i 's and n f i 's, because it is very easy to decode our chromosome to a feasible solution.
The initial population is created by assigning random integer values of the decision variable. Each individual is generated by Eq. 9. T max and T min were defined in Eq. 10 and Eq. 11.
With randomly chosen integer indexes; is a real number called mutation factor used to [0, 2] F  control the amplification of the differential variation.
3.3 Crossover. To complement the differential mutation search strategy, DE employs uniform crossover, which also known as binomial method, to enhance the potential diversity of the population. The crossover operator implements a discrete recombination of the trial individual V i and the parent individual X i to produce the offspring X i new . 3.4 Selection. The selection operator is to determine whether the target (parent) or the new vector (offspring) survives to the next generation. If a new vector, X i new , i=1,2,…,POPSIZE, has a smaller evaluation function value (total cost) than its garget vector, X i , it is copied to the next generation; otherwise, it is the target vector that passes to the next generation.
Constraint check.
The main idea of constraint check is to keep all individuals within the feasible solution set. All the new individuals generated by initialization, mutation and crossover processes must be checked. A function constraint_check() is designed for the algorithm, the output value 1 means that the individual is feasible, 0 infeasible.
The pseudo code of constraint check is as follows: constraint_check()
Step 1 Generate ξ 0 uniformly from the α-cut set of fuzzy vector ξ.
Step 2 If , return 0.
Step 3 Return 1. 3.6 Stop criterion. The termination condition is to stop if no improvement of fitness function is made in 50 generations.
Computation experiments
A numerical example will be employed to illustrate the proposed DE algorithm. We use the numerical example of Moon et al. [6] and Wang et al. [8] . The data for this example are given in Table 1 . We also assume S W =200. Each replenishment cycle available funds limit is B. Fuzzy resource restriction ξ is triangle fuzzy number with membership function μ(x), r 1 =0.9B, r 2 =B, and r 3 =1.1B, respectively. α=0.9 is a predetermined confidence level. The DE algorithm for FCR-JRD was coded in C++ language and running in a PC with Intel i5 CPU and 4G RAM. The computational result was shown in Table 2 . The result shows that with tighter resource restriction, the total cost was higher, for B=25000 and 26000, respectively. The DE algorithm spends significantly more CPU time to obtain feasible solution with smaller B.
Conclusion
This paper focuses on the constrained joint replenishment and delivery problem with fuzzy chance constraint resource restriction, and developing efficient algorithms to solving it. We introduced the DE algorithm to handle the constraints in JRD. Using comprehensive computational
Advances in Engineering Research, volume 90
experiments, we have shown the performance of the proposed algorithm. Furthermore, DE is more suitable for solving constrained JRD. Future research could be the incorporation of uncertainty issue with more constrained, for example uncertain demand.
